Abstract. In this paper, for r ∈ N with r ≥ 2 we consider several stronger version r-sensitivities and measure-theoretical r-sensitivities by analysing subsets of nonnegative integers, for which the r-sensitivity occurs. We obtain an AuslanderYorke's type dichotomy theorem: a minimal topological dynamical system is either thickly r-sensitive or an almost m to one extension of its maximal equicontinuous factor for some m ∈ {1, · · · , r − 1}.
Introduction
In the paper, sets of all integers, nonnegative integers and natural numbers are denoted by Z, Z + and N respectively. Throughout this paper by a topological dynamical system (TDS for short) we mean a pair (X, T ), where X is a compact metric space with a metric d and T : X → X is homeomorphism. For a TDS (X, T ) there exist invariant Borel probability measures. Given a T -invariant Borel probability measure µ, we denote the induced measurable dynamical system (X, B X , µ, T ), where B X is the Borel σ-algbra of X. We also let B + X,µ = {B ∈ B X |µ(B) > 0} . A TDS (X, T ) is called equicontinuous if {T n : n ≥ 0} is equicontinuous at any point of X. Each dynamical system admits a maximal equicontinuous factor. In fact, this factor is related to the regionally proximal relation of the system. Let (X, T ) be a TDS. The regionally proximal relation Q(X, T ) of (X, T ) is defined as: (x, y) ∈ Q(X, T ) if and only if for any ǫ > 0 there exist x ′ , y ′ ∈ X and m ∈ Z + such that d(x, x ′ ) < ǫ, d(y, y ′ ) < ǫ and d(T m x ′ , T m y ′ ) < ǫ. Observe that Q(X, T ) ⊂ X × X is closed and positively invariant (in the sense that if (x, y) ∈ Q(X, T ) then T × T (x, y) ∈ Q(X, T )), which induces the maximal equicontinuous factor (X eq , S) of (X, T ). And if (X, T ) is minimal, i.e., orb(x, T ) := {T n x : n ∈ Z} is dense in X for any x ∈ X, then Q(X, T ) is in fact an equivalence relation by [3, 5, 7, 25] and [15, Proposition A.4] . Denote by π eq : (X, T ) → (X eq , S) the corresponding factor map.
In [22] Ruelle introduced the notion of sensitivity (sensitive dependence on initial conditions), which is the opposite to the notion of equicontinuity. According to the works by Guckenheimer [10] , Auslander and Yorke [4] , a TDS (X, T ) is called sensitive if there exists δ > 0 such that in any non-empty open subset U of X there are x, y ∈ U and n ∈ N with d(T n x, T n y) > δ. Auslander and Yorke [4] proved the following dichotomy theorem: a minimal system is either equicontinuous or sensitive (see also [9] ). The notion of sensitivity was generalized by measuring the set of nonnegative integers for which the sensitivity occurs [12, 13, 17, 19, 21, 29] . For a subset A of natural numbers N, we say A is (1) thick if for any k ∈ N we can find some n ∈ N such that {n, n+1, · · · , n+k} ⊂ A; (2) syndetic if there exists some k ∈ N such that for every n ∈ N we have {n, n + 1, · · · , n + k} ∩ A = ∅; (3) thickly syndetic if {n ∈ Z + : {n, n + 1, · · · , n + k} ⊂ A} is syndetic for each k ∈ N. Thick sensitivity, thickly syndetical sensitivity and multi sensitivity were introduced and investigated in [21, 20] . Huang, Kolyada and Zhang [13, Theorem 3.1] showed that a minimal system is either thickly sensitive or an almost one-to-one extension of its maximal equicontinuous factor. Ye and Yu introduced block (resp. strongly) thickly (resp. IP) sensitivity and proved several Auslander-Yorke's type dichotomy theorems in [29] .
There are also several authors to study the measure-theoretic sensitivity [1, 2, 6, 8, 11, 14, 16, 17, 19, 27, 31] . Huang, Lu and Ye [14] introduced a notion called sensitivity for an invariant Borel probability measure µ and proved that a minimal system is either equicontinuous or sensitive for µ. Wu and Wang [27] introduced F -µ-pairwise sensitivity and F -µ-sensitivity, where F is a family, and investigated when the two notions coincide. Yu [31] discussed F -sensitivity for µ and proved the equivalence between some different measure sensitivity for a minimal TDS.
Recently Zou considered stronger version r-sensitivities and also discussed equivalence between some strong version sensitivities for transitive or minimal TDS in [32] , where r-sensitivity was firstly introduced by Xiong in [28] which is a stronger version sensitivity (see also [23, 30] ).
Inspired by the previous works, our aim in this paper is to investigate stronger version r-sensitivities, measure-theoretical r-sensitivities, and give an AuslanderYorke's type dichotomy theorem for stronger version r-sensitivity. More precisely, for a TDS (X, T ) with a T -invariant Borel probability measure µ, δ > 0 and r ∈ N with r ≥ 2, and a non-empty subset U of X, we put
It is easy to see that (X, T ) is sensitive if and only if there exists δ > 0 such that N T (U, δ; 2) is infinite for every non-empty open subset U of X. Moreover we say (X, T ) is (1) thickly r-sensitive (resp. for µ) if there exists δ > 0 such that N T (U, δ; r) is thick for any non-empty open subset U of X (resp. for any set U ∈ B + X,µ ); (2) thickly syndetically r-sensitive (resp. for µ) if there exists δ > 0 such that N T (U, δ; r) is thickly syndetic for any non-empty open subset U of X (resp. for any set U ∈ B + X,µ );
The main results of this paper are follows: Theorem 1.1. Let (X, T ) be a minimal TDS, r ∈ N with r ≥ 2, and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). Then (X, T ) is either thickly r-sensitive or an almost m to one extension of its maximal equicontinuous factor (i.e., there exists a dense G δ subset A of X eq such that #π −1 eq (y) = m for any y ∈ A) for some m ∈ {1, 2, · · · , r − 1}. Theorem 1.2. Let (X, T ) be a minimal TDS with a T -invariant Borel probability measure µ, r ∈ N with r ≥ 2, and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). Then the following statements are equivalent:
The paper is organized as follows. In Section 2, we firstly recall some definitions and some related lemmas, and then we prove Theorem 1.1. In Section 3, we study some related measure-theoretic r-sensitivity and prove Theorem 1.2.
Proof of Theorem 1.1
In this section we are to prove Theorem 1.1. For that we need some notation and Propositions. Let (X, T ) be a minimal TDS, and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). For y ∈ X eq we define: [32] , r eq (y) is a constant function on X eq , which is denoted as r eq (X, T ).
Proposition 2.1. [32, Proposition 2.6] Let (X, T ) be a minimal TDS and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). If #π −1 eq (y 0 ) < ∞ for some y 0 ∈ X eq , then
and π eq is almost r eq (X, T ) to one extension, that is,
eq (y) = r eq (X, T ) holds for y in a dense G δ subset of X eq . Proposition 2.2. Let (X, T ) be a minimal TDS, r ∈ N with r ≥ 2, and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). If we put
for y ∈ X eq and let η r = inf y∈Xeq φ r (y), then η r = 0 if and only if there exists m ∈ {1, 2, · · · , r − 1} such that π eq is almost m to one extension.
Proof. We partly follow the arguments in the proof of Proposition 4.4 in [32] . If η r = 0 then there exist
⊂ X eq such that lim i→+∞ φ r (y i ) = 0. Note that φ r is an upper semi-continuous function from X eq to [0, +∞), we may take a continuous point y 0 ∈ X eq of φ r . For any fixed ε > 0, we choose an open neighborhood V ε of y 0 such that |φ r (y) − φ r (y 0 )| < ε for y ∈ V ε . Since (X, T ) is minimal and (X eq , S) is also minimal, there exists ℓ k ∈ N with
Then |φ r (y 0 )| ≤ ε. This implies φ r (y 0 ) = 0 as ε is arbitrary. Moreover we have # π −1 eq (y 0 ) ≤ r − 1 from the definition of φ r . Let m = r eq (X, T ). Then m ∈ {1, 2, · · · , r − 1}. By Proposition 2.1, π eq is almost m to one extension. Finally the other hand is obviously true.
Let (X, T ) be a TDS with a T -invariant Borel probability measure µ, and n ≥ 2. Then (
and for any open neighborhood U i of x i and any A ∈ B
Denote by S µ n (X, T ) the set of all sensitive n-tuples for µ.
For n ≥ 2 the n-regionally proximal relation is defined as
is a closed invariant equivalence relation which induces the maximal equicontinuous factor of (X, T ).
We have the following proposition for a minimal TDS.
Proposition 2.3. [14, Proposition 6.8 and Corollary 6.9] If (X, T ) is a minimal TDS with a T -invariant Borel probability measure µ and n ∈ N with n ≥ 2, then
Proposition 2.4. Let (X, T ) be a minimal TDS, r ∈ N with r ≥ 2, and π eq : (X, T ) → (X eq , S) be the maximal equicontinuous factor of (X, T ). Then η r > 0 if and only if (X, T ) is thickly r-sensitive.
Proof. Assume that (X, T ) is thickly r-sensitive with a sensitive constant δ > 0. We are to show that η r > 0. If it is not true, there exists m ≤ r − 1 such that π eq is almost m-to-one extension by Proposition 2.2. Actually there exists y 0 ∈ X eq such that # π
Then W is open and π eq (V ) ⊆ W . Since (X eq , S) is equicontinuous, we can take a compatible metric d eq on X eq such that
for any y 1 , y 2 ∈ X eq .
We choose ε > 0 such that {y ∈ X eq : d eq (y, y 0 ) < 2ε} ⊆ V . Let
Then M is syndetic and for any n ∈ M, S n y 0 ∈ V 1 then implies
, a contradiction. This show that η r > 0. Conversely assume η r > 0 and let δ 0 = ηr 2 , now we will show that (X, T ) is thickly r-sensitive with a sensitive constant δ = δ 0 4
. Actually we are to show that (X, T ) is thickly r-sensitive with the same sensitive constant δ for µ, where µ is any given T -invariant Borel probability measure on X. It is sufficient to show that for any set A ∈ B + X,µ and L ∈ N, we can find m ∈ Z + such that
We fix a point y ∈ X eq . Since η r > 0, for each 0 ≤ k ≤ L − 1 we can find {x 
Note that {z
This implies we can find ω , δ; r) . So (X, T ) is thickly r-sensitive with the sensitive constant δ for µ. Since (X, T ) is minimal, every non-empty open subset of X belongs to B + X,µ . Thus (X, T ) is also thickly r-sensitive. This finish the proof of Proposition 2.4.
Proof of Theorem 1.1. As a direct corollary of Proposition 2.2 and Proposition 2.4 we can get Theorem 1.1.
Proof of Theorem 1.2
In this section we are to prove Theorem 1.2. For that we need some notation and Propositions. For a TDS (X, T ), δ > 0 and r ∈ N with r ≥ 2, and a nonempty subset U of X, recall that N T (U, δ; r) is defined in Introduction. We can also describe N T (U, δ; r) = {n ∈ N : diam r (T n U) > δ}, where the r-version diameter diam r (·) is defined as follows: for any non-empty subset B ⊂ X,
For a TDS (X, T ), let 2 X be the set of all non-empty closed subsets of X. Recall Hausdorff metric H d on 2 X was defined as :
Proposition 3.1. Let (X, T ) be a TDS and r ∈ N with r ≥ 2, diam r (·) and H d are defined as above (3.1) and (3.2). Then diam r (·) is a continuous function on (2 X , H d ), (i.e., if lim n→∞ A n = B with respect to the Hausdorff metric
X and B ∈ 2 X such that lim n→∞ A n = B with respect to the Hausdorff metric H d . For simplicity we write diam r (B) = R. Then for any ǫ > 0 there exists N = N(ǫ) ∈ N such that H d (A n , B) < ǫ when n ≥ N. When n ≥ N for any a 
This implies diam r (A n ) < 2ǫ+R when n ≥ N according to the definition of diam r (·). So lim sup n→∞ diam r (A n ) ≤ 2ε + R. Let ǫ ց 0 we have lim sup n→∞ diam r (A n ) ≤ R.
Conversely, suppose lim inf n→∞ diam r (A n ) = R ′ . For any ǫ > 0 there exists n ∈ N such that diam r (A n ) < R ′ + ǫ and H d (A n , B) < ǫ. Similar to the above analysis we know diam r (B) ≤ R ′ + 2ε, that implies diam r (B) ≤ R ′ when ε → 0. So we get diam r (B) = lim n→∞ diam r (A n ). This finishes the proof of Proposition 3.1.
Resembling the discussion in Proposition 3.5 of [31] , we have the following Proposition which is the measure-theoretic corresponding of [32, Theorem 3.4] . Proposition 3.2. Let (X, T ) be a TDS with a T -invariant Borel probability measure µ. The following statements are equivalent:
(1) (X, T ) is multi-r-sensitive for µ.
(2) (X, T ) is thickly r-sensitive for µ. (3) (X, T ) is thickly syndetically r-sensitive for µ.
Proof.
(1)⇒(2) Suppose (X, T ) is multi-r-sensitive for µ with a sensitive constant δ > 0. For any A ∈ B + X,µ and any L ∈ N, one has
, which implies (X, T ) is thickly r-sensitive for µ.
(2)⇒(3) Suppose (X, T ) is thickly r-sensitive for µ with a sensitive constant δ > 0, then we claim (X, T ) is thickly syndetically r-sensitive for µ with the same sensitive constant. If not, then there exists A ∈ B + X,µ such that N T (A, δ; r) is not thickly syndetic. Without loss of generality, we may assume that A is a closed subset of X.
Similar to the analysis in the proof of Proposition 3.5 (2)⇒(3) in [31] , we can find p ∈ N, 
